
§1 Over ①
.

Definition
Define Y (1) = { isom class of elliptic curve 1¢ }

.

as set
.

Write F- ± Ez =

%aa-yz-tc-G-Ezc-elzma-s-R.tv
.

Then any gp
horn is of the form

F-z,

± F-
a

2-- LZ
.

where LAI , C- Ata
.

Write
a-4 = atatb

}
⇒ -4 -_I¥÷

.

✗ = ctztd

fa is an isom ⇒ LAT
,
= ten

⇐ flee lack)f1 .

(⇒ detect)=1 by 2.5 c- G)
.

Define linear fraction transform
.

For ( Ebd) c- State) , IEG

I :&)i=÷÷ .EE .

Then we identify Y (1) = %↳cz)
.

gives topology .



A fundamental domain is

-£
: I

¥
• TCN )

, 1? CN )
,
% CN) :

TCN)= { ( Ebd ) = ( '

1) mod N } (1113-0-5420)
In

FCN)= { = ( ' F) 7
"

F. as = { = (* ¥) }

Then one can cheek

Has- { (E. P.sn) / {P . is a basis }1 of 7- IN]

I 1-7 ( Iz
,
¥ , ¥ ) .

Atlas- { ( E , P ) I P is of orderly

I 1- (Ee
,
¥ )

thou )- { (E. G) 1 GEE cyclic officer ?
z 1- (Ee

,
2¥ > )



Compactification
From the fundamental domain

,
411) is not Cpt .

It becomes cpe after we add {v1

Thus consider q*= Gu skczj.ca ( (Ebd ) • = E)
= Gu PTI)

topology : translate { 2- I 7mW > K } to each pe .

For F- FLN) or FLN ) or 1704 .

Define
xp = G*/s↳cz] . apt . Riemann surface

.

Note from picture , g(✗ put )= 0
.

41
✗(1)

.



Stabilizer
.

To get genus
of other Xp

,
we shall study the

ramification index Xp→ ✗(1) . The information will

be derived from the stabilizer
.

Recall . Anette)
511

{Natale } -bij> { Ciba)es↳) / Gba)e=e ?

✗→ 2z=aT+b

✗ = CITI
.

• If c- 0
,
2=-1-1

.

• If a -1-0
,
Tccztd)=aT+b ⇒ [It)=Q]=2

,

11

[Old) = Q]

Rte) is quadratic imaging exe GAR )
.

L B integral sine 2122] C- he is f.
g.
12

.

so is 2-
'

⇒ ✗ c- Oates
.

Dirichlet unit thin ⇒ Oates C- roots of unity .

⇒ ✗= £5
I
=\ P = exits

.

So Anette)I{£11 ⇒ End (E)=Z;PI -

Oaks
.



Prop-End.CI)~=ZEi ]⇒ F- a- Ei

End (E) A- Zip] ⇒ F- ⇐ Ip .

pf_
ZEI ] , ZIP] are PID

.
Denote p=i or p .

Say F- I F-e
,

then Az is a fig .
module/ PID .

r2nkzAL=2 and Az torsion free

⇒ Az is free of rank 1 over Ztp]

⇒ I c C- 6 st
. 1z= clzltpz) .

⇒ Ez ± Ep .

☐
.

Denote # = T.tt#±, }
.

Then

p
rop_
For 2- C- tf

,
we have 3 cases

.

(1) ZE TCI)i
,

then Tcilz ~= 24221
.

b) 2- C- Ttt) p , then #z I 2%21 .

(3) 2- & Taji and 2- ¢711)p ,
then 171T£ is trivial

.

For 2- = C- 2
,

THI E Z
.



Priop
For 2- C- G*

.

TET
'

ETCI) finite index
,

f- Xp→ Xp .
Let p be the image of 2- in Xp

.

Then the ramification index at p is [I
'

:& ]

ProphetD= TICI) :P ]
Vz= # ({ 2- c- 41131--1=24, )
↳ = # ({ 2- c- 41131--1--34, )
V•= # of cusp ( Pick )

Then

gap )= 1+9-2 - ¥ -¥ - ¥
.



§2 Over Q

Define functors : For scheme S with N invertible
.

9-yz⇒ : S- { 7- I F- = elliptic curve Is #son

Finn = S- { (Eg , P,2) I P.sn form basis }of EEN] f-som
9-' T.CN) : S- { ( Eg P ) I P is of order# isom

% Tools : S - { ( Es .
G) 1 GEE cyclic orderNilson

1Are they sheaves ?

representable ? T - structure on 7-
.

'

• F '
Tle) is not a sheaf :

7- F-
, ¥ Ez over k

,
but I

,
2- Is over ks

.

Such phenomenon is parametrized by title , Aaettks) )
stlassue

Then for DE ÉÉCEJ
,

,iii.:÷:*:£=fc× , I dÑ=fc×, over klrd )
.



Rigidity

Prof
Ang automorphism of 7- fixing

(1) FAV) - structure V23

(2) 7,44 - structure V24

is identity .

pf_
For f : F-→ 7-

,

denote ft the dual Bogey .

Then
[dyf] = fft = ftf .

[trf ]= f -1ft
.

We have

• Ltrf } I 4 dgf .

(1) Say E-- F-→I fixes TLN) - structure
,
then

E- 1 kills F- IN] ⇒ E- l= GIN] for
song .

dyg.lv?-dylE-t )
= SEE -11 - the)

= 2- tree)
.

£4
.

V23 ⇒ deg g=o , E- 1
.

4) E- 1 has degree EO mod N .
Idea is similar

. II
.



Representability-tac-IR-sp.ec
Icts

,
B. C) [1/0]×133=43+03 )

represents Fass
,

where

F- : Y'+ a ,xy+asy=Ñ .

with

1 ¥:*,
ai 3Gt

( as -_ -30=13-313C
.

proof : play around with Riemann -Rock .

From the representability of Tls ) , we prove that of Tal
N23

.

Relativelyrepresentable.pro#
yfvie-esk.us .

Let 7-Is be an elliptic curve . Let F be a functor

on GHS ) defined by

T 1-3

{
d) TCN) - structure on EST

.

⇒ T.cn

(3) Poor)



Then F is representable by a finite étale scheme /s
.

pf_
4) To = EEN] -5kW] represents pair of N

- torsion pts .

T
- Him),

finite estate /
u

☐ f
To- Guts

Weil pairing
finieeétakt

s

G) : quotient T by 1-1={1*91}
.

13) H= { (
* ¥11 ☐

Thin
v24

Suppose CN
, 33=1

.

Then F'Pas is represented by
a smooth affine scheme over ZE¥] .

pfseepl-FY.com is representable .

Lt ( Ilyas
,
17,2 ) ) corresponds to idycs> C- Honk'KDiksD.

Let T be the scheme in previous learner
.

Then

Homls.TK { ( Bu , Qu ) : FCN) - structure on F- ✗yesss ?

+
.

s→T→Yb) vs (Pssas) : Tls)- structure on F-✗yesss



⇒ T represents 7173ns by CRT

£Up2_ The action Gk(Z%x ) on Fens is free
.

F- ISN] = F- IN] x -1=233

GLz(%z) -38 .

If ( F-
,
(Buda)

,
( Ps , As) )# (E. (Buda) , glB.2sD.

rigidity of (E. (Bush) shows E-1- ⇒
g-
1

.

SPpcµ
, is the quotient of You) by GLEED.

☐

Thin
For V23

,
Fear is representable over ZEYN ]

by a smooth affine scheme

sketh .

dx invariant

I differential
.

We can consider 9-Ecs) + sth .

us If 6463=1 then it is reprsatssk

over 2T¥] and ZE¥v]

→ over ZEE ] -
-

- ☐



Stack

A stack is a rule that sends morphism to

a groupoid ( category with all morphisms iso ) .

S -
t
.

U
,
→ Use-Us .

UsUs
I Rescuepes% ° Desna
[not equd) .

with gluing property .

A sheet of set & is a stack with

obj (FCU)) .= Flat
, morphisms are identity .

Eaaph_
✗ EG

,

Gfiniee
.

Consider category [XIGI : Obj ( EKG])=X .

Homlx , g) = { gEGlg×=y } .For Y another set
,

Obj(Y✗-⇐sX )Yx☒↳X- ✗ .

Lb = { CYNDI ac-Homcaod.ba/s5f
.I ☐

morphisms being identity .

Y-a> ING ]



Yx -%✗ has G- action : gly.X.tn) = Cy , gx . gd ) .

Then •

every fiber of yet has simply - transitive G-action .

• Yx[xq,X → ✗ is G- equivariant .

For scheme
, we define ☒→ EKG] ) is the category

Object :
T

_y✗
G- equivariant

G- torsor
.

morphism : "
I×
1¥

restriction : Y'→4 in pullback .

Definition
A Deligne mumford stack ✗ is a stack

sit
.
I ☒→ ✗ with I a scheme

,

5. t . YxÑ -
, Yx×I is a scheme

.

surj ← I
☐ L

étale Y- X



Fizz, : S- groupoid of elliptic camels .

is a Deligne -Mumford stack with

these
- T→ You )

in lane

finieefétale L
s- F' 711)

.

I
Els

[ 1764 similar )
.

Mock) :S 1- groupoid of elliptic curve with FCN) .

Ie B a Deligne -Mumford stack : for ptN ,

Let YCS ) 1- { (I. G. (PR)) ) 4323 :TEp)-structure }
G : Bob-5k¢

.

It is represented over I -4¥] by

Y=YCPNY{ (*¥) }EGbl%z ) (affine)
.

Then

T- y T represents Tell- structure

finieeétakf on (Elks)I
s Mok)

( Els
,
G)

.

Yo LN) -3 Y/GLi4pz) is affie smooth 1214¥ ]
.

patchy for various
rp
→ over 2T¥]

.



Yo represents the sheafification of pneshat

s- { Efts
, G5Y~

.

is called the coarse space .

Compactification
valuate've criterion → extend dliptiz curve over DVR

.

For stack , we somehow allow field extension .

Recall semi -stable reduction -1hm :

after
a

finiee extension
,
F- has or multiplicate

reduction
.

I

elliptic curee-
medal cubic

.

Define n-gon
Cn 1k : (Ñk×%Z%

.
is~co.it)

.

( Cs : nodal cubic )

Cim = Gm ✗ 2%21 a gp

☐→µn→ Cnsmcu] → The→ 0 .



Define generalised elliptic curve Is :( E, -1 , e)

F-Is is proper flat

e. C- F- (s) .

+ = Esm ✗ F-→ F-

sit . • ( +
,
e) gives gp structure on

Esm
.

• The geometric fiber is elliptic one or n-gon

• The gear fiber is ellip -42 carve

Then define

MLITCSJ : groupoid of generalized elliptic cave .IS
.

Then

Thin
MCIT is a proper D -14 - stack .tk .

Higherlevel
.

Consider To CN) = { g=(*¥) modN } . Nprime .

(a)/ ICN) = 1344 u ☐ F. CN)

⇒ 2 cusps .



1- gon
has only 1 cyclic gp

of order N

MN .

So we consider Nyon , which has 2 1364 - structure

MN ,
2%121

.

However, we shall think of them as

( CN
,
Wz ) & ( Ca

, Msu)

y o

S.t. the level structure meets all sired comp .

Define

MoWT groupoid of geiaslizd elliptic can

with FCN) -structure that meets all

Tired comp
.

Then MTCN) is a proper DM stack
.

Maps
Over 6 , NIN ⇒ Your)→XoW)

.

We describe this map for generalized elliptic
curve . For elliptic curve , it is clear

.



In general ,
( 7-

,
G) HEG unique snbgp
p
'

orderN of order Ñ
.

Then we contact those component that do not meet

H -

D

(f-- F-→
S

.

1- = sheaf of graded rig ③ f*( OHH ) )
.

h=o

Then the contraction is Projet) )
§3 Over 21

.

In comparison to 1 ZEIT ]
,

we want to look

at elliptic curve / field with characteristic N
.

F-CNJLI ) < Nt .

Assume N square
free

If we replace GEE closed estate of order

1

closed flat
.

Then MTVU) is flat D-M stack 121
.



Fiber in bad characteristic

Over Ep , we have Frobenius and Versohiebnng

I , TIP> =L

-
Tip]

.

Recall

F- is ordinary if F- Tip] (E) = Ttpz .

Then

F- Tip ] I µp ✗ Zltpz
9 q
local

. estate
kerf'p kervp (if 7- = I'4) I

There are exactly 2 closed subgp of order p .

I.e. ftp.Z/p2 .

The same holds for p
-

gon -

F- B
supersingular if F- Ep]lÑ)=o

Then

0-3 Lp→ F- Tip]-1 Lp -30

non-split . So there is only 1 closed subsp of

order p , dp-kertf.pl



Assume N squarefree ,
and N=pN

'

.

Then given To CNY -structure ( 7-
,
G) with F- not

supersingwlar, there are 2 choices of FLN)-structure
.

Ie

(I
,
G- %z ) ,

( F-
,
G.Up ) .

(E- E'M )
.

11 11

( EXP)
,
if (G) ) (F-

,
G
,
Ker Fp) .

For 7- supersingular, these 2 choices coincide
.

Thus we define

f- , g-. MOUTH
,
→ MÑEp .

LI
,
G) ( E

,
G

,
Ker Fp )

( ÉP
'

,

VEG) )
.

I. g) = Mott
,
→ MolNY '

(E
,

G
,
H ) (E

,
G)

.

EEIH
, image of Gintoki ) .

The"
fbf=id

. gbg=id ( Vp : E%vp→E )
.

g) of = Fp = f) og



In picture ,

•

(I.G)
•

(E
"? G) Mo4¥p

' ÷
""""

*.

•lgÉ
'

Vikas)/
• •

EE
, G)

Now)Hp


